One of the overarching goals of nuclear physics is to rigorously compute properties of hadronic systems directly from the fundamental theory of strong interactions, Quantum Chromodynamics (QCD). In particular, the hope is to perform reliable calculations of nuclear reactions which will impact our understanding of environments that occur during big bang nucleosynthesis, the evolution of stars and supernovae, and within nuclear reactors and high energy/density facilities. Such calculations, being truly ab initio, would include all two-nucleon and threenucleon (and higher) interactions in a consistent manner. Currently, lattice QCD provides the only reliable option for performing calculations of some of the lowenergy hadronic observables. With the aim of bridging the gap between lattice
Introduction
A truly ab initio method, based on the Standard Model of particles and interactions, gives further insight to hadronic systems that are not experimentally accessible or whose experimental programs are plagued by systematic errors. Making reliable predictions with such an ab initio method, with controlled uncertainties, are particularly crucial for an accurate description of the evolution of stars, Big Bang/supernovae nucleosynthesis, the composition of neutron stars and the fusion processes in terrestrial high-density facilities. Studying nuclear reactions from the underlying theory of strong interactions, Quantum Chromo-Dynamics (QCD), requires understanding how forces among nucleons emerge from the fundamental interactions among quarks and gluons. It is known that these interactions are described by a local, non-Abelian, SU(3) gauge theory, within which all hadronic phenomena can, in principle, be predicted once a few input parameters are set to their physical values. These parameters include the masses of the quarks and the strength of the QCD bare coupling constant, or in turn the QCD scale, Λ QCD . ‡ Given the asymptotic freedom of QCD, only high-energy processes can be studied via perturbation theory. At low energies, quarks and gluons form clusters of hadrons -mesons and baryons. This remarkable feature, along with the running of the QCD coupling towards larger values, prohibits the use of standard perturbative methods and requires techniques that can solve the theory exactly. To date, the only fully predictive non-perturbative method for studying QCD at low energies is lattice QCD (LQCD) which is based on a numerical evaluation of the QCD path integral using Monte Carlo techniques [11] . LQCD has already begun to pave the road that connects our theoretical understanding of the fundamental forces with experimental nuclear programs around the world. The progress in LQCD studies of the low-lying spectrum of QCD, hadronic structure and interactions has been significant in recent years. In this review, we only focus on recent developments in LQCD calculations of multihadron systems as they are directly related to the main objective of this workshop. As will be discussed, a combination of LQCD, effective field theories (EFTs) and nuclear few/many-body calculations will enable first-principle calculations of nuclear reaction cross sections.
The relevant energy scales in nuclear few-body systems range from a few GeVs for the masses of the light nuclei down to sub-MeVs for their excitation energies, requiring precisions for LQCD calculations that could only be achieved with significant computational resources. LQCD calculations of multi-nucleon systems come with further difficulties that are not present, or are less prominent, in the calculations of single-nucleon and multi-meson systems. The rapid growth in the number of the required Wick contractions in the evaluation of nucleonic n-point correlation functions, the exponential degradation of the signal at large times, as well as the need for moderately large volumes due to significant finite-volume (FV) effects in nuclear observable are among the challenges to be overcome. Nonetheless, there has been a great deal of algorithmic and computational progress in the past few years which has led to major accomplishments in determining several few-nucleon quantities directly ‡ Electromagnetism also plays a crucial role in nuclear physics. Its associated quantum field theory, quantum electrodynamics (QED), has a coupling that remains weak at all relevant energy regimes. Its effect can be included in calculations perturbatively for most quantities of interest. For recent developments in directly including QED interactions in LQCD calculations, see Refs. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] .
from LQCD.
One of the building blocks for performing reliable LQCD calculations is to construct lattice operators that maximize the overlap onto the multi-hadron states with given quantum numbers (for recent development on this topic see Refs. [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] ). Having constructed the appropriate operators, Wick contractions are performed to build correlation functions. The large number of contractions associated with few-body correlation functions has historically limited the number of hadrons for which LQCD calculations could be performed. This shortcoming was first circumvented for multi-meson systems [29, 30, 31] and more recently for nuclear systems [32, 33] and multi-meson systems with a single baryon [34] . In particular, Detmold and Orginos were able to considerably reduce the time required to perform contractions for the s-shell nuclei as large as 28 Si [33] -an algorithm that was immediately used in a LQCD calculation of multi-nucleon and hyper-nucleon systems by the NPLQCD collaboration [12] . The bound-state spectra of several light nuclei and hyper-nuclei (up to A < 5 where A is the atomic number) were computed by Beane, et al. [12] at the SU(3) flavor symmetric point with m π = m K ≈ 800 MeV (see Fig. 1 ), and shortly followed by another determination of the binding energies of the light nuclei at a slightly lighter pion mass, m π ≈ 500 MeV by Yamazaki, et al. [28] . These calculations are major accomplishments in truly first-principle multinucleon studies and serve as a proof of principle that once the required computational resources become available in the upcoming years, calculations at the physical pion In the three-body sector, we are able to cleanly identify the J π = 1 2 + ground state 29 Figure 1 . The binding energy of light nuclei and hyper nuclei with A < 5 at the SU (3) symmetric point (mπ ≈ 800 MeV), extracted from LQCD calculations with n f = 3 dynamical light quarks using an isotropic clover discretization of the quark action in three lattice volumes of spatial extent L ∼ 3.4 fm, 4.5 fm and 6.7 fm, and with a single lattice spacing b ∼ 0.145 fm [12] . s denotes the strangeness. The J P quantum number of each state is included in the representative boxes of the states. mass and with sufficiently high statistics can be immediately performed.
The most easily-determined quantities via LQCD are the low-energy spectra. One however needs to take further steps to understand these FV spectra and be able to connect them to physical amplitudes and hadronic interactions. One method that has proven to be successful is the Lüscher method, which allows one to obtain scattering amplitudes indirectly through the FV spectrum. This method utilizes the calculated energy eigenvalues of the interacting two-particle states in a finite volume to extract the scattering phase shifts, as long as the multi-particle inelastic channels are not kinematically accessible (see Refs. [36, 37] for the original development of this method by M. Lüscher, and Refs. [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66] for various generalizations). A recent example of the application of this method by Dudek, et al. [35] in the two-body sector, as shown in Fig. 2 , is the successful extraction of the ρ resonance (albeit yet at the unphysical quark masses). Another example in this sector is the extraction of the Swave NN scattering length and effective range by Beane, et al. [67] which has enabled them to study fundamental questions regarding the naturalness of the NN interactions and fine tunings with respect to the light-quark masses, as shown in Fig. 3 . As LQCD calculations are constantly providing the spectra of multi-hadron states with everincreasing precision [68, 23, 69, 24, 70, 71] , it is crucial to be able to extract physical amplitudes for these systems in the same way as is done extensively for two-hadron systems [72, 73, 74, 75, 20, 76, 77, 28, 67, 78, 79, 80, 81, 82, 35, 26, 83, 84] . In this workshop, the generalization of this formalism to two-nucleon systems [63, 65, 85, 62] as well as three-particle systems [86, 87, 88, 89] were presented and will be reviewed in Sec. 2.3. A complimentary program to the well-stablished Lüscher formalism is the potential method developed and implemented by the HAL QCD Collaboration [90, 91, 92, 93, 94] . Reported in the workshop was an extension of this formalism to multi-hadron systems [94] . In this review we briefly comment on this Figure 3 . The left panel represents the ratio of the two-nucleon scattering length, a, to the effective range, r, in the 3 S 1 (top) and 1 S 0 (bottom) channels at the physical point as well at the SU (3) symmetric point with mπ ≈ 800 MeV [67] . As can be inferred from the plots, the NN interactions remain unnatural over a wide range of pion masses. The right panel represents the plots of the binding energy as a function of pion mass. These indicate that the size of the deuteron and the nn bound state remain large compared with the range of interactions at heavier pion masses. The figure is reproduced with the permission of the NPLQCD collaboration.
method and report on critical viewpoints concerning the range of validity of potential methods in accessing scattering parameters of multi-(hyper)nucleon systems.
Beyond a direct determination of physical observables, LQCD calculations will provide the input to modern-day few-and many-body nuclear physics calculations, such as no-core shell model (see Refs. [95, 96, 97, 98, 99] ) with continuum (NCSMC) [100] and nuclear lattice effective field theory (LEFT) [101, 102, 103] . LQCD inputs aim to reduce those systematic uncertainties of these calculations that are due to the poor knowledge of nuclear few-body forces, or in certain cases to provide the only way to constrain nuclear force parameters. Such systematic matching to EFTs would extend the impact of LQCD to heavier nuclei, where a direct LQCD calculation is currently believed to require an unrealistic amount of computational resources. In Sec. 3, we review Lattice EFT methods, their progress in addressing nuclear scattering and reactions and their relation to LQCD. In Sec. 3, we review the ab initio many-body nuclear physics program with regard to nuclear reactions and discuss where LQCD is expected to have an impact. Finally, in Sec. 4 the two-year and five-year outlook of nuclear physics from LQCD will be summarized.
LQCD and Developments in the Finite-volume Formalism
The progress towards studying nuclear physics quantities directly from LQCD has been a major motivation for this workshop. The hope is that by applying the recently developed numerical and formal tools, and by continuously developing new techniques and overcoming formal challenges, the road towards direct determinations of key nuclear reaction cross sections from QCD will be paved in short term. Obviously, the success of this program has been, and will be, crucially dependent upon the availability of ever-increasing large-scale computational resources (both capability and capacity) to the community. However, without further formal developments that enable interpreting the output of LQCD calculations of multi-nucleon systems, the future of this program remains somewhat obscure. To overcome this roadblock, several groups and individuals have put significant efforts in this type of developments, the most recent of which were partly presented in this workshop. In the following section, after introducing the origin of the problem, we summarize the past and recent progress in tackling this problem.
In LQCD calculations matter fields are evaluated on a discrete set of spacetime points (sites). Due to finite computational resources, the volume of spacetime is truncated to finite extents, represented by L x × L y × L z × T for lattices with spatial extent L j along the j th Cartesian axis and temporal extent T (L ≡ L x = L y = L z for cubic volumes). The most commonly used boundary conditions (BCs) are periodic BCs imposed on the fields in spatial directions and (anti-)periodic BCs imposed on the (matter) gauge fields in the temporal direction. Twisted BCs have also been proven to be advantageous in LQCD studies of hadronic form factors in the lowmomentum transfer region [104, 105, 106, 107, 108, 109, 110, 111] , and also in FV studies of two-nucleon systems [45, 65] . To be able to evaluate expectation values in the background of the QCD vacuum (the path integral approach) using a Monte Carlo sampling method, it is necessary to Wick rotate from Minkowski spacetime to Euclidean spacetime. Consequently lattice correlation functions do not immediately correspond to the physical correlation functions. The connection between these two quantities is nontrivial for some physically interesting cases such as scattering processes. Constructing this connection is the subject of the so-called FV formalism for LQCD.
Finite-volume formalism for two-hadron systems
Euclidean correlation functions with the reflection-positivity property can be Wick rotated back to the Minkowski spacetime [112] . Therefore, if one was able to fully reconstruct the continuum correlation functions from their Euclidean lattice counterparts, such analytic continuation would be formally possible. However, lattice correlation functions are evaluated at a discrete set of spacetime points and are not exact. Although it has been previously pointed out that the Euclidean nature of the calculations imposes challenges on the determination of few-body scattering quantities in the infinite-volume limit (unless at the kinematic threshold) [113] , LQCD correlation functions are evaluated in a finite volume, and the scattering amplitudes of the infinite volume can be reconstructed from the FV spectrum. Motivated by the quantummechanical problem of a two-body system in a finite volume interacting via a hard spherical potential (see Huang and Yang [114] ), Lüscher derived a non-perturbative relation between the two-body scattering amplitudes and the FV energy eigenvalues for scalar bosons with zero total momentum using a field theoretic approach [36, 37] .
The original applications of the Lüscher formula were mostly focused on an approximated form, where the energy eigenvalue equation, or quantization condition (QC), is expanded in powers of a/L. a denotes the two-body scattering length defined as −1/a = lim p→0 p cot δ, where δ is the scattering phase shift of the two-particle system and p is the momentum of each particle in the center of mass (c.m.) frame. This is an unnecessary approximation, as recognized by Lüscher and later revisited in Ref. [40] . By rederiving the S-wave limit of the Lüscher QC using an EFT approach, Beane, et al. [40] pointed out that studies of two-nucleon systems with large scattering lengths do not require large volumes -volumes whose spatial extents are large compared with the scattering length. In fact the finite range of nuclear force remains the only relevant scale that governs the range of applicability of this formalism, giving rise to exponential corrections to the Lüscher formula that scale as e −mπL at leading order (LO), with m π being the mass of the pion [115, 36, 37, 116, 117] . Although the exact QC was already presented in the Lüscher's papers, its applicability to the S-wave NN interactions was explicitly proposed in Ref. [40] and shortly followed by the first fully dynamical LQCD calculations of nucleon-nucleon and hyperon-nucleon systems [14, 15] .
An important generalization by Rummukainen and Gottlieb, [38] and later by Kim, et al. [48] and Christ, et al. [46] , extends the Lüscher formula to scalar systems with a non-zero c.m. momentum. The significance of such QCs is in providing further kinematic inputs that can better constrain the scattering parameters. The effect of boosting the two-particle system in a finite volume is not only to shift the total energy of the system, but also to make a nontrivial shift in the system's c.m. (interaction) energy as given by the boosted QC. This can be easily understood by noting that the cubic symmetry of the volume is reduced when viewed in the c.m. frame of the moving system. Consequently the spatial extents of the cubic volume will be effectively different for different boost vectors. This also suggests further partial-wave mixings in the QC compared with systems at rest. Such partial-wave mixing is due to the broken rotational symmetry in a finite cubic volume (see discussions following Eq. (4)), and presents a source of systematics in the analyses of present LQCD calculations of twohadron scattering. Recently, by analyzing the LQCD calculations of two-pion systems with several c.m. boosts using the moving frame QC, the l = 0, 2 phase shifts of I = 2 ππ scattering have been extracted by Dudek, et al. [26] .
An alternative and equivalent method to boosting is to perform calculations in an asymmetric lattice to obtain extra energy levels [41, 43] . This however requires generating gauge-field configurations at multiple volumes with several asymmetry parameters, which might become computationally costly compared to boosting. The other closely related possibility is changing the boundary conditions on the quark fields such that the hadronic fields effectively gain a non-zero c.m. momentum. This can be done by introducing twisted BCs [118, 45] . Periodic BCs are a subset of twisted BCs, which in general require that quark fields are proportional to their images up to an overall phase, ψ(x + nL) = e iθ·n ψ(x), where 0 ≤ θ i < 2π is the twist angle in the ith Cartesian direction. As a result the free FV momenta satisfy p = 2π L n + θ L , where n is an integer triplet. Periodic BCs are recovered when the twist angle is set to zero. As it is evident, in the one-body sector by dialing the twist angle one can in principle access a continuous set of momenta. This is advantageous when performing calculations in a finite volume where spectra are necessarily discretized, as has been explored extensively in the one-body sector [119, 120, 104, 105, 106, 107, 108, 109, 121, 111] as well as the two-body sector [45, 122, 61, 123, 81, 65, 124, 125] . In a recent publication, the use of twisted BCs in improving the volume-dependence of the masses of nucleons and the binding energy of the deuteron was investigated [65] . Partial twisting, where the sea quarks retain their periodic BCs while the valence quarks are twisted, will induce different FV corrections to the single-and two-nucleon observables compared with full twisting, but these corrections are exponentially suppressed [122, 124, 65] . Consequently these BCs can be practically implemented in future LQCD calculations of these systems. For three-and multi-nucleon calculations the possibility of similar volume-effects improvement in the binding energies remains to be investigated.
The Lüscher formula for scalar particles must be extended to particles with spin to become applicable to general nucleonic systems. For pion-nucleon scattering, the necessary FV formalism for systems composed of a spin zero and a spin 1/2 particle was developed by Gockeler et al. [55] . Presented in this workshop was the extension of the Lüscher QC to the two-nucleon systems with arbitrary total spin, isospin and c.m. motion [63] . In particular due to the physical partial-wave mixing in the two-nucleon systems in the spin-triplet channels, restricting to the S-wave QC in analyzing the LQCD calculations is, in general, a poor approximation. In a subsequent paper [64] , the expected energy spectra of the deuteron -which is a bound state in the coupled 3 S 1 − 3 D 1 channels -are obtained using these newly developed QCs for several c.m. momenta. Different spin orientations of the deuteron with respect to its boost vector in a finite volume can enhance its deformed shape, giving rise to spectral quantities that are highly sensitive to the S-D mixing parameter in the deuteron channel, see = (0, 0, 1) as a function of the spatial extent of the cubic volume L, extracted from the two QCs corresponding to the A 2 (red) and E (blue) irreducible representation (irrep) of the tetragonal symmetry group. The scattering parameters, including the phase shifts δ and the mixing parameter 1 are obtained by fitting different phenomenological analyses of the experimental data, extrapolated to negative values of energies, and are used as inputs to QCs. As is seen, the energy gap between two energy eigenstates is highly sensitive to the nonzero value of the mixing parameter. The FV-induced mixing with the D-wave states is negligible for L 10 fm [64] . Fig. 4 . This gives confidence that not only the deuteron binding energy but also the mixing angle can be extracted with high precision in upcoming calculations with physical quark masses.
The Lüscher formula is not only applicable to coupled partial-wave channels, but can be further generalized to coupled channels in flavor space. This is the first step in extending the Lüscher methodology to above inelastic thresholds. Since the spectrum of QCD contains a wealth of resonances that sit above multi-particle thresholds, analyzing the FV spectra, in particular those of the excited spectra of QCD as produced by various LQCD collaborations (e.g., Refs. [68, 23, 69, 24, 70, 71] ), requires applying a multi-coupled channel formalism. This necessary step can provide the theoretical guidance for the forthcoming JLab GlueX experiment [126, 127, 128, 129] as well as other spectroscopy experiments worldwide. The coupled-channel extension of the Lüscher formula was first derived by He, et al. using a quantum mechanical approach [47] , by Lage, et al. using a NR EFT approach [50] , by Bernard, et al. using a relativistic EFT approach in the c.m. frame [61] , and by Hansen, Sharpe [56, 130] and Briceno, Davoudi [57] using a relativistic field theory approach for systems with arbitrary momenta.
A recent paper by one of the authors [125] reviews all recent formal FV developments in multi-channel two-particle systems and provides the most general energy QC for systems with an arbitrary spin, which can be presented in the following form
where the determinant det oc is over N open coupled channels and the determinant det lsJM J is realized in the |ls, JM J basis. l, s denote the orbital angular momentum and the total spin of the two-particle systems and J, M J denote the total angular momentum and its projection into the z axis. M is the c.m. scattering amplitude which is diagonal in the |J, M J basis but not necessarily in the |l, s or the flavor channel basis. The scattering amplitude is more readily defined in terms of the the Smatrix, which requires introducing a matrix that is diagonal over the N open channels
where n j is the symmetry factor for the j th channel and is equal to 1/2 if the two-particles are identical and 1 otherwise. E * denotes the c.m. energy of the two-particle system, and p j is the on-shell relative momentum in the c.m. frame in the j th channel. For a channel composed of two particles with masses m j,1 and m j,2 ,
The S-matrix is diagonal in the total angular momentum basis. Then for a system with total angular momentum J, the scattering amplitude M reads, [56] 
Adopting the notation introduced in Refs. [41, 43, 42] , let L be the spatial extent of the volume along the z-axis and η i be the asymmetric factor along the ith axis, i.e., L x = η x L and L y = η y L. Then the matrix elements of the δG V matrix, which is a diagonal matrix in the flavor channel basis, for the j th channel can be written as
The FV dependence of the QC, including its dependence on the BCs as well as the shape of the volume is present in the c
where γ = E/E * with E being the total energy of the two particles in the lab (lattice) frame. The sum is performed over P φ1,φ2 d;ηx,ηy where
Hereγ
denoting the component of x that is parallel (perpendicular) to the total momentum P. Tilde over vectors is defined as χ = (χ x /η x , χ y /η y , χ z ). The boost vector d is defined to be equal to PL/2π, and m is an integer triplet. When twisted BCs are imposed on the quark fields, the net twist of each particle is given by φ i,j for i = 1, 2, and the dependence on these phases is manifest in the vector
). α j is sensitive the mass difference of the particles in channel j, and is given by
As is seen, the δG V j matrix is not diagonal in the l and J, M J basis and mixes different partial-wave channels in the QC. The form of the mixing can be inferred by studying the FV point symmetry group of the calculation, and after a truncation of the QC made in the space of angular momentum, it can be decomposed into different QCs corresponding to the irreps of the particular symmetry group of the problem. Such decompositions have been performed in great detail for different scenarios as can be found in Refs. [36, 37, 43, 131, 19, 132, 133, 23, 134, 55, 26] . For example, for systems with zero twist in cubic volumes, and withd → d = {(0, 0, 0), (0, 0, n), (n, n, 0), (n, n, n), (n, m, 0), (n, n, m), (n, m, p)} -as well as any cubic rotation of these -the symmetry point groups are the double cover of the octahedral (O D h ) and the dicyclic groups Dic 4 , Dic 2 , Dic 3 , C 4 , C 4 and C 2 , respectively [132, 133] . Table 1 lists the decomposition of the irreps of these groups onto continuum states that have overlap with both half-integer and integer spin systems up to J = 4, and can be used in performing the reduction of the master QC to different irreps of the calculation.
The FV two-body formalism enjoys a fair level of maturity at this point and further developments in this direction will be focused on implementing it in practice. In particular, given the limited high-performance computational resources, it is the subject of an ongoing investigation to determine how to optimally extract as many scattering parameters as plausible from a few number of low-lying energy levels, and in many instances in a single lattice volume. This is particularly crucial in the studies [132, 133, 23, 19, 26] . λ labels the helicity of the state and η = P(−1) J , where P is the parity of the state.
of the coupled-channel systems, see e.g., Refs. [123, 140, 141, 59, 64, 142] . The first implementation of this formalism was a exploratory numerical calculation of a coupledchannel system in a 1 + 1 dimensional lattice model with two coupled-channels by Guo [139] which includes nontrivial FV and discretization effects. As is depicted in Fig. 5 , this benchmark calculation demonstrates that the scattering phase shifts and mixing angle of a φφ − σσ coupled system can be unambiguously determined directly from the FV spectrum, where φ and σ are two scalar particles. The first LQCD study of coupled channels, performed for the πK − Kη I = 1/2 system at m π ≈ 390 MeV by Hadron Spectrum Collaboration, was recently published [143] .
Finally, LQCD multi-nucleon calculations will eventually include QED effects, and as a result the relevant FV formalism must be developed. For efforts in identifying FV QED corrections to the masses of hadrons and the mass splittings between the neutral and charged pseudo-scalar meson and baryon octets, see Refs. [1, 2, 144, 145, 146] . Figure 5 . (a) The FV spectra of a 1+1 model for a coupled-channel system, φφ − σσ, as a function of volume. The spectra are calculated for d=0,1,2, where d=LP/2π is a scalar boost for a 1+1 system. The red band denotes the fits of the spectrum using a parametrization of the K-matrix below the 4φ threshold. The fit was performed using the 1+1 analogue of Eq. 1 for coupled-channel systems, which was first presented by Berkowitz et al. [138] for unbooted systems and then generalized by Guo [139] for systems with arbitrary total momentum. (b) The extracted phase shifts δ φ (red), δσ (blue) and mixing parameter η (purple) as a function of the total c.m. energy, √ s [139] . The figures are reproduced with the permission of Peng Guo.
Finite-volume matrix elements for 1 → 2 and 2 → 2 processes
In their seminal paper, Maiani and Testa showed that for energies where two or more particles can go on-shell all Euclidean correlation functions not only depend on the on-shell scattering amplitude but also on the amplitudes evaluated on the off-shell kinematics [113] . This did not, however, prevent the evaluation of scattering phase shifts from the two-point correlation functions because the FV formalism presented by Lüscher [36] (and discussed in the previous section) had already been in place a few years earlier. Note that although the correlation function may depend on both the onshell and off-shell amplitudes, the spectrum only depends on the on-shell amplitude, see Eq. (1). Where this observation did have a major impact was in the studies of electroweak current matrix elements for processes involving two or more particles in either the initial and/or final states. Maiani and Testa observed that the off-shell kinematic dependence of the correlation functions exactly vanishes at the kinematic threshold. This is to be expected since at the kinematic threshold the scattering amplitude is momentum independent. It was not until 10 years after the original observation by Maiani and Testa that Lellouch and Lüscher showed how to study 1 → 2 processes in a finite volume above the kinematic threshold [147] . Their original motivation was in the context of K → ππ weak decays where they found a relation between FV and infinite-volume matrix elements of the external weak current. This relation was obtained by restricting the final state to be composed of two particles in an S-wave with zero total momentum, and shows that the FV and infinite-volume matrix elements are proportional to each other and the proportionality factor depends on the energy, volume, phase shift and derivative of the phase shift of the final state with respect to energy. In arriving at their result, they used degenerate perturbation theory to force the initial kaon state and the final two-pion state to be exactly degenerate. § This formalism worked particularly well for the K → ππ system, but was not easily generalizable to other systems and a more universal approach was needed for more complex systems.
The original result by Lellouch and Lüscher was extended to systems with nonzero total momentum in Refs. [48, 46] , as well as processes where the final state is composed of two coupled channels such as is the case of D → {ππ, KK} by Hansen and Sharpe [56] , as well as for the decay process π 0 → γγ by Meyer [152] . Some limited progress has been made towards generalizing this framework for 2 → 2 processes [42, 153, 154, 57] , but much more work is needed along this direction. In particular, for processes of the form 2 → 2 where the external current has both a one-body and two-body contributions, no universal expression has been developed [42, 154, 57] . Instead what is found is a relationship between the FV matrix elements and the low-energy constants (LECs) of the Lagrangian written for the given process of interest. For processes when there are no one-body contributions, there does seem to be a universal form [153, 57] .
As discussed in the previous section and manifested by the master equation describing the FV spectrum, Eq. (1), angular momentum is not a good quantum number in a finite volume. Therefore, it is expected that for sufficiently high energies or seemingly fine-tuned systems such as the deuteron [64] , this admixture would lead to large corrections to the formalism discussed above. Additionally, in general the energy and momentum injected by the external current is not vanishingly small. Furthermore, there are many physical systems of interest where the final two-particle state is not in an S-wave but rather in a non-zero angular momentum configuration. One example that demonstrates the need to extend this formalism is a system involving heavy quark decays, e.g., B 0 → K * + − → πK + − . This is a particularly interesting process as it has been speculated to be a venue for observing new physics [155, 156, 157, 158, 159, 160] . This has led LQCD efforts in studying form factors for B 0 → h 1 h 2 , where h 1 and h 2 label generic hadrons, using the quenched approximation [161, 162, 163, 164, 165, 166, 167] and most recently using dynamical gauge configurations [168, 169] . The K * (892) is a P-wave resonance which may be stable for heavy pion masses but is unstable for moderately light pions masses in the order of 300-400 MeV [168, 169] . For such light pion masses, no calculation has been able to properly account for this significant subtlety, in part due to the fact that the formalism was not previously in place.
Most recently, there have been two relevant works for studies of 1 → 2 transitions amplitudes. The first work is by Agadjanov, et al. [170] where the process γN → N π in the ∆ channel is studied. To allow for the insertion of energy and momentum by the current, but to minimize the FV-induced mixing at the same time, the πN system is assumed to be at rest, as in that scenario the odd and even partial waves do not mix. Furthermore, the contributions from the P 31 wave is neglected in this formalism. With these simplifications, one can in fact determine the infinite-volume transition form factor of this process from the corresponding FV matrix element. Although the authors focus their attention to γN → N π in the ∆ channel, this formalism will also impact LQCD calculations of parity violation in the nuclear sector. In particular, this formalism can be applied to obtain the N → N π transition amplitude with a P -wave final state as calculated via LQCD by Wasem in Ref. [171] .
The other recent work by one of the authors, in collaboration with Hansen and Walker-Loud, demonstrates how to circumvent limitations associated with partialwave mixing and coupled-channel systems for such transition form factors in the scalar sector [172] . Following the work by Thomas, et al. [19] , the external currents are allowed to inject arbitrary energy and momentum while being correctly projected onto the irrep of their corresponding little groups. The master equation found in Ref. [172] for the FV matrix elements of currents involving 1 → 2 processes will be applicable to a wide range of systems, such as B → πK, where S-and P-wave can mix in flight, as well as for πγ → ππ. Furthermore, this formalism allows one to study processes where the final state is not only an admixture of angular momentum states but also when more than one channel is present. This is necessary for future studies of B → K * form factors, for example, where the final state will be an admixture of πK and Kη. The extension of this formalism to nuclear systems and properly understanding the subtleties associated with the partial-wave mixing will be crucial in studies of nucleonic matrix elements as described in Sec. 3.3.
Finite-volume formalism for multi-hadron systems
A major development in the FV formalism for lattice nuclear calculations will be the extension of the two-body formalism to three-(multi-) particle systems. The main drive to put such a formalism in place from a nuclear physics perspective is to be able to extract, from first-principle lattice calculations, the three-(multi-) nucleon forces. As will be discussed in detail in the following section, many-body nuclear calculations are awaiting tighter constraints on the multi-nucleon force parameters to be provided by LQCD calculations. However, little is yet known about multi-nucleon interactions from first-principle calculations. To be able to interpret multi-nucleon spectra (see Fig. 1 ) and make any conclusion about the multi-nucleon interactions, a multi-particle counterpart of the Lüscher formula has to be developed. This, in principle, can be also directly applied to multi-particle reaction processes once the connection between the scattering amplitudes and the FV spectra is known. The impact of such a formalism on the determination of the excited spectrum of QCD will be immediate too, giving further insight into, e.g., the nature of the Roper resonance, as well as many more resonances in the proximity of multi-particle thresholds. Given the importance of this type of formalism, several talks and extensive discussions were devoted to the subject in this workshop. To date all of the formalism developed so far within this problem have been constrained to the multi-mesonic sector. However, the multi-meson problem includes the main formal challenges of multi-baryon systems, but without the complications regarding the spin structure of baryons.
One approach in obtaining a FV three-particle QC (below the four-particle thresholds) is to take advantage of the non-relativistic dimer formalism [173, 174, 175, 176, 177, 178, 179, 180, 181, 182] to effectively reduce the three-particle problem to a 2+1 problem as is described in Ref. [88] . The dimer field sums up the twobody interactions to all orders. For energies below the four-particle threshold, the two-body and three-body interactions can be described by contact interactions. The
When interested in the nuclear analogue of this problem, parametrizing the interactions by contact terms only, will restrict the applicability of the formalism below the t-channel cut, which for the two-nucleon systems is E ∼ 5 MeV. This is an unnecessary approximation that can be easily circumvented by simply parametrizing interactions by the Bethe-Salpeter kernel that encodes all the of the kinematical and symmetric properties of the system of interest.
three-point correlation function, C L (E, P ) -with (E, P ) being the total energy and momentum of the system -is then formed by a geometric expansion of the three-body kernels where the three momenta flowing in the intermediate loops are only allowed to be quantized due the periodic BCs,
= +
(c) Figure 6 . (a) Diagrammatic expansion of the three-body correlation function in a finite volume [88] . K 3 denotes the three-body Bethe-Salpeter kernel. The leftmost (rightmost) circle corresponds to an interpolator that creates (annihilates) the three-particle initial (final) state with total energy E and total momentum P . The effective three-body Bethe-Salpeter kernel, K 3 , is composed of a three-body contact interaction, characterized by the LEC g 3 , as well as two-body contact interactions, described by the LEC g 2 , via the exchange of a single boson.
The kernel includes the three-body contact interaction as well as an exchange diagram with two insertions of the dimer-particle contact interactions, Fig. 6 . The poles of the FV correlation function correspond to the energy eigenvalues through an eigenvalue equation that has strong parallels with two-body coupled channel systems. The reason is that for each c.m. energy of the system, E * , there are N E * available boson-dimer eigenstates that can go on-shell inside the FV loops and contribute to power-law volume scaling of the QC. Unfortunately, the physical scattering amplitude does not directly show up in the QC, and can only be accessed by solving an integral equation, see Ref. [88] .
An immediate implication of this formalism for bound state-particle systems below the bound-state breakup threshold can be obtained. The S-wave scattering phase shift of the bound state-particle can be extracted from the FV three-particle spectrum using the S-wave limit of the 2 + 1 QC,
where q = 4 3 (mE * +q 2 ) is the relative momentum in the c.m. frame of particlebound state system withq being the relative momentum of the two particles comprising the bound states in the c.m. frame of the bound state. m is the mass of the three identical particles, E * is the c.m. energy, γ d is the binding momentum of the particle in the infinite-volume limit, ¶ δ Bd is the scattering phase shift of the particle-bound state system, and the FV function c d 00 can be obtained from its general form in Eq. (5) upon taking the appropriate limits. η is an unknown coefficient that for sufficiently large volumes satisfies γ d L 1 and is expected to be independent of volume. It therefore must be fitted when extrapolating results to the infinite volume. In other words, the extracted phase shifts from a two-body QC must be extrapolated to the infinite-volume limit using an exponential form -a conjecture that had already been tested in LEFT calculations of the S-wave neutron-deuteron scattering by Bour, et al. [183] . Systemic uncertainties of this formalism, in particular due to the use of an S-wave dimer in a FV cubic volume, are known and can be improved upon further investigations.
+
Multi-particle scattering amplitudes from LQCD calculations are also the focus of theoretical investigations in particle physics. Despite significant progress in LQCD determinations of weak matrix elements in the two-body decay of the kaon, K → ππ [148, 149, 150, 151] , the three-body decay K → 3π, crucial to studies of CP violation in the neutral kaon systems, has not been addressed via LQCD. For neutral D meson decays, the four-pion (six-pion, etc) channel couples to the two-pion decay mode of the D meson along with several other channels. In order to understand the FV artifacts for studying these decays via LQCD, Hansen and Sharpe considered the scenario where the neutral D mesons primarily couples to two-particle final states, i.e., D → 2π, 2K, 2η in the I = 0 channel in Ref. [56] . These authors have taken further steps in including multi-particle states in the FV analysis, focusing first on deriving a relativistic, modelindependent 3 → 3 generalization of the Lüscher formula for scalar particles. Their ongoing work was presented and discussed in this workshop [89] .
This formalism is pertinent for the mesonic sector with exact isospin symmetry where there are no 1 → 2 and 2 → 3 transition amplitudes. Again, the connection between the three-particle spectrum and the infinite-volume scattering amplitudes can be found by looking at the pole structure of the three-particle correlation function, C L (E, P ). Without a dimer-field approach, however, the diagrammatic expansion of the correlation function (shown in Fig. 7 ) is more involved. It is comprised of different classes of diagrams whose analytic structure of each must be examined carefully to identify the on-shell conditions, i.e. when the sums over loop momenta diverge. These are the contributions that scale with powers of 1/L, and will form purely kinematic FV functions in the QC. The resulting QC is only related to the 3 → 3 scattering amplitude through the so-called divergence-free scattering amplitude. This latter quantity does not suffer from divergences that arise due to 2 → 2 scatterings among pairs of three particles that can occur arbitrarily far from each other. Obtaining the physical amplitude from this quantity requires solving an integral equation. Similar to the result obtained using the dimer formalism, this QC is a matrix in the space of N E * open kinematic channels -those that can go on-shell for any given c.m. energy. Additional subtleties associated with this QC are discussed in Ref. [89] and further improvements are underway. The authors have performed a consistency check of this formalism in the weakly interacting limit of the three scalar particles and reproduced ¶ To the order to which this calculation has been performed, one may choose to use the FV binding momentum. + For a numerical investigation of the π − ρ scattering see Ref. [86] , and for a benchmark LQCD calculation of the a 1 and b 1 resonances using this formalism consult Ref. [84] . For an investigation of the implications of the three-particle spectrum using the so-called isobar approximation see Ref. [184] . the ground-state energy up to O(1/L 6 ), previously calculated by Beane, Detmold and Savage [185] and by Tan [186] .
Another FV formula for three-particle systems that predates the above formalisms is due to Polejaeva and Rusetsky [87] , which is derived using a non-relativistic potential model that describes scattering in coupled two-and three-particle channels. This formula confirms that the spectrum of three particles is completely determined by the S-matrix element for 2 → 2, 2 → 3 and 3 → 3 transitions. The QC presented by these authors show similar features to the ones discussed above. For example, in contrast to the algebraic two-particle QC, this three-particle QC is an integral equation that must be solved numerically. Earlier studies of the three-boson and three-nucleon systems in a finite volume using an EFT approach similar to the one presented here, have already investigated the volume dependence of three-particle bound-state energies such as the Triton's binding energy, see Refs. [187, 188, 189, 190] . * The complexity of these QCs, in particular their non-algebraic form, suggests that a potential roadmap towards determining an infinite-volume scattering amplitude is * These works do not attempt to directly relate the spectrum to the three-body amplitude. Instead their QC is expressed in terms of the two-and three-body force parameters in the EFT that are matched to the infinite-volume physics.
to constrain the three-particle kernels. These kernels (LECs if a systematic EFT with a well-defined power counting can be used), can then be used to solve for scattering parameters as is customary now in applications of chiral forces to nuclear many-body problems. One such study has been already carried out by Barnea, et al. in Ref. [191] where the few-body observables are matched to the recent LQCD determination of the spectrum of the light nuclei at the SU(3) symmetric point by NPLQCD [12] , giving them a predictive power to eventually be able to construct the periodic table of the light nuclei. This possibility will be a new direction in studies of multi-nucleon systems and will most likely be pursued to constrain chiral multi-nucleon force parameters from LQCD calculations in the near future. In a closely related direction, by tuning the parameters of modern-day nuclear potentials, the LQCD energy eigenvalues can be matched to the energy eigenvalues evaluated using these potentials in a finite volume. The interplay between LQCD and such many-body nuclear calculations will be the subject of the next section of this review.
Another approach in extracting physical amplitudes from the FV spectrum, which intrinsically differs from the Lüscher formalism, is the so-called potential method, developed and extensively used by the HAL QCD collaboration [192, 90, 90, 92] . The working assumption is that the Nambu-Bethe-Salpeter (NBS) wavefunctions of twonucleon systems can be extracted by forming the correlation functions of two-nucleon source and sink operators that are separated by a distance r. As discussed in Sec. 2.2, all correlation functions that overlap with two or more particle eigenstates depend on both on-shell and off-shell amplitude. Consequently, in general wavefunctions constructed of these will also depend on off-shell amplitudes. These wavefunctions should satisfy the Schrödinger equation,
where the potential V k (r, r ) is energy dependent and non local in general, and where m N and k denote the nucleon mass and the magnitude of its three momentum in the c.m. frame of the two-nucleon system. For any nucleon separation within the range of the nuclear interactions, the extracted wavefunction depends on the source/sink interpolators used. However, for asymptotically large separations, there is a unique wavefunction that will satisfy the Helmholtz equation, from which the phase shifts of the infinite-volume theory can be extracted [193, 194] . Note that in this limit, the r dependence of the source/sink dependent factors in φ k (r) will drop out and simultaneously V k (r, r ) → 0. One can indeed extract the phase shifts from the asymptotic tail of the NBS wavefunction extracted from LQCD without constructing the potentials as is done in Ref. [195] in the case of pion-pion scattering phase shifts. These extractions are equivalent to the Lüscher method as described in Lüscher's original papers [36, 37] . On the other hand, in the HAL QCD method, where the potentials are obtained as an intermediate product, certain assumptions are made. The main assumption is that the energy-independent non-local potentials at LO in a derivative expansion can be approximated by a local potential, V (r). Then at the energy eigenvalues of the system k n , V (r) must, by construction, satisfy the Schrödinger equation with the source/sink dependent wavefunction φ kn (r), and will lead to the infinite-volume phase shifts as true determinations based on QCD. However, away from the eigenenergies, the potential is not constrained to reproduce the phase shifts, and therefore the HAL QCD prediction for the phase shifts at other values of energies is no longer a model-independent prediction of QCD. These issues are the subject of an ongoing debate among experts in both sides and various publications are devoted to comparative studies of these two methods with no definitive consensus. One puzzling observation is the fact that although Refs. [12, 67, 28 ] find a bound di-neutron for unphysical pion masses, the HAL QCD method does not lead to such a bound state. This could be due to insufficient statistics in the HAL QCD calculations which do not resolve the long-range potential, among other issues as discussed above, see Refs. [193, 194, 196] . An extension of the potential method to inelastic processes was presented in this workshop and some preliminary LQCD results were shown [197, 94, 198, 199] . It is claimed that the asymptotic form of the n-body NBS wavefunctions will still depend on one phase shift, however the subtleties associated with the analytic structure of the multi-particle scattering amplitudes were not addressed. After proving the existence of the (coupled-channel) energy-independent potentials above the inelastic threshold, these potentials can be extracted from the multi-particle Schrödinger equation at the energy eigenvalues just as in the two-particle case. This multi-channel extension of the potential method has been used in studies of the H-dibaryon from LQCD, where by including the nearby channels N Ξ and ΣΣ, it has been concluded that the Hdibaryon, although being a bound state at large pion masses, becomes a resonance at the physical point (with the physical quark masses) [200] -a prediction that needs to be confirmed by other collaborations with the use of other methods. HAL QCD has also published several results for two-and three-nucleon potentials at unphysical pion masses [201, 197] , that has enabled them to make predictions for the equation of state of the nuclear matter (without including the three-nucleon forces) [202] . Given the discussion above regarding the tentatively large systematic errors of this methodology, it would be important to see if the observations made are backed by more formally sound approaches.
LQCD and Nuclear Few-and Many-body Methods
Despite a great deal of progress in studying many-body systems directly via LQCD, as partly mentioned in the previous sections, performing LQCD calculations of nuclei with A > 4 with reliable level of precision will most likely be out of reach in the foreseeable future. Therefore, studies of nuclear reactions involving few and many nucleons will more likely continue via ab initio methods. These refer to those calculations that take nucleons as the basic degrees of freedom -where the highenergy degrees of freedom of QCD, quarks and gluons, have been integrated out. In the following, we divide these methods to two subsets. The first one of which is what is customarily called ab initio in literature, including no-core shell model (NCSM) (e.g., Refs. [203, 204, 205, 206] ), NCSM with continuum (NCSMC) [100, 207] , Green's function Monte Carlo (GFMC) (e.g., Refs. [208, 209, 210] ) and coupledcluster (CC) (e.g., Refs. [211, 212] ) methods. The progress in applying these methods in studying nuclear few-(many-)body systems and their interplay with LQCD are briefly discussed in Sec. 3.1. The other popular methods are lattice EFTs (e.g., Refs. [213, 214, 215, 216] ) where the evolution of multi-nucleon systems is calculated with an Euclidean time projection in a discretized FV spacetime and where the EFT interactions among nucleons are included using an auxiliary field method. We This division does not reflect the extent and importance of individual methods and is only based on their presentations in this workshop.
briefly comment on the recent developments in this program and the role of LQCD in improving the calculated quantities in Sec. 3.2. Finally, Sec. 3.3 has a concise discussion of the need for LQCD, along with the EFT and many-body techniques, to constrain the matrix elements of the current operators between single/multi-nucleonic states, in particular those that will refine the explorations of the beyond the StandardModel scenarios.
Ab initio methods for few-and many-body systems
Nuclear few-and many-body calculations have progressed to a point where the uncertainties in calculations of light nuclei have less to do with algorithmic issues (e.g., numerical convergence, optimal oscillator parameter b, etc.), but more to do with the lack of understanding of particular aspects of the interactions between hadrons. Techniques such as the NCSMC, GFMC and CC readily calculate the lowlying spectrum of s-and p-shell nuclei [217, 218, 211] . Coupled with the resonating group method (RGM), for example, NCSM calculations of certain nuclear reactions have been performed for both elastic and inelastic processes. For example, elastic s-, p-and d-wave phase shifts have been performed for d + 3 H and n + 4 He scattering [219, 220] , and in the case of the inelastic radiative capture reaction 7 Be+p → 8 B +γ, new resonances in the 0 + , 1 + , and 2 + channels have been predicted [221] . Within our sun this latter reaction represents a vital step in a chain of reactions that ultimately produces neutrinos that are measured terrestrially. This reaction therefore has implications to solar neutrino measurements and our understanding of the Standard Solar Model.
Because of the complexity of many-body calculations for nuclear systems approaching the sd-shell, nuclear structure and reaction calculations utilize soft twobody nuclear interactions, obtained through, for example, similarity renormalization group (SRG) transformations [222, 223] . Such soft interactions have momentum scales integrated out to scales as low as inverse 2.1 fm, thereby reducing the demands for large-model space calculations. However, for nuclei with A > 8, momentum scales above this cutoff become dynamical and the applicability of SRG evolved potentials at the two-body level become questionable. † † Further, certain few-body (A<8) nuclear reactions and systems are very sensitive to three-body physics, such as d + t fusion, n + 4 He reactions, and the maximal isospin few-body systems (e.g., three-and fourneutron systems). The latter has direct implications to the composition and properties of neutron-rich matter. For such systems, the use of chiral effective field theorybased interactions [225, 226, 227, 228, 173, 174, 229, 230, 177, 178, 181, 231, 232, 233, 234, 235, 236, 237, 238] probably presents the most systematic and consistent approach to QCD, and therefore LQCD. This is because the interactions are based on the symmetries of QCD and exhibit a systematic hierarchy in interaction terms. In principle, the LECs that parametrize these interaction terms can be determined from experiment or from LQCD. The three-body interaction terms up to next to NNLO (N 3 LO) are shown in Fig. 8 . The coefficients c 1 , c 3 and c 4 are extracted from πN and N N scattering [239, 240, 241, 242, 243, 244, 245, 246, 247, 248, 235, 249, 250] , whereas the c D and c E coefficients are fit to the helion and helium systems [251, 252] . In both cases the uncertainties are large and in the case of the latter the fits do not † † Recently SRG evolved potentials that include the induced 3-body interaction have been calculated [224] . give unique solutions. These uncertainties negate the predictive power of key nuclear reaction calculations relevant to fusion and compact astrophysical objects.
With sufficient high-performance computing resources, LQCD can, in principle, calculate observables from which these LECs can also be extracted. With appropriate boosting and usage of asymmetrical volumes, it is conceivable that certain LECs can be singled out, or promoted to lower order so as to facilitate their extraction. Such extractions will have an inherent uncertainty, since LQCD is a stochastic estimation at heart, but the uncertainties in this regard are controlled and can be reduced systematically. In this manner, the connection between LQCD calculations and nuclear many-body calculations is made manifest through the nuclear forces.
At sufficiently high densities, such as those obtained within a proto-neutron star, the reactions of nucleons with hyperons (Y) can have profound consequences on the nuclear matter equation of state. The recent observation of a 1.97 solar mass neutron star [253] puts into question our understanding of hyper-nuclear forces, as most equation of states that incorporate NY interactions are too soft to allow such a large neutron star mass. The inclusion of YYY and NYY interactions could possibly stiffen the equation of state, in an analogous manner demonstrated by NNN interactions. The accounting of these 3-body hyperon interactions requires the study of reactions of hyper-nuclei, a task that is very difficult experimentally but most likely best suited for LQCD studies. As already mentioned above, for neutron-rich matter the isospin I = 3 2 channel of the 3N force most likely plays a large role, yet it is poorly understood. Again, LQCD provides the best opportunity to study these systems in a controlled and systematic fashion.
Chiral effective field theory on the lattice
There has been effort to conjoin the methodology of lattice theories [11] and low-energy EFT for nuclear physics via the use of lattice EFT. A lattice theory can be any theory whose spacetime is discretized and placed on a finite grid. This allows one to nonperturbatively evaluate physical observables of the theory. Lattice methods have been extremely successful in the study of strongly interacting systems (see Refs. [213, 254] for reviews on the topic). Most recently, this technique has been applied to nuclear EFTs with zero range forces [255, 102, 256, 257, 258, 259, 51, 183, 260, 261, 262] and more realistic chiral interactions [101, 102, 103] . In going from the very first quantum lattice study of nuclear matter [263] to the first many-body lattice calculation using chiral effective field theory [101] , there were several benchmark calculations that eventually allowed for a well-defined chiral perturbation theory with lattice regularization (e.g., see Refs. [264, 265, 266, 267, 268, 269] ).
Section 2 discussed, in great detail, challenges associated with the determination of scattering phase shifts of two-particle systems in a finite cubic volume. By taking advantage of the fact that the degrees of freedom of LEFT calculations are nucleons, two-nucleon scattering phase shifts can be more efficiently determined by imposing a hard spherical wall at some fixed large radius [270] . This approach allows for the determination of the channel phase shifts with no partial-wave mixing from the energies of the nearly-spherical standing waves. For channels with partial-wave mixing this method leads to a set of coupled equations that can be solved to extract scattering phase shift and mixing angles. The advantage of this method is that it reduces the partial-wave mixing that is inherent in calculations in a cubic finite volume (see Table 1 ). This method was implemented to extract scattering parameters for systems with J ≤ 4 including isospin-breaking and electromagnetic effects [270, 214] . Figure 3 .2 shows the calculation of 3 S 1 phase shift and the J = 1 mixing angle, 1 , determined in Ref. [214] and compared to their experimental values [271, 272] . Figure 9 .
The neutron-proton 1 S 0 phase shift and J = 1 mixing angle as a function of c.m. momentum determined in Ref. [214] and compared to their experimental values [271, 272] . The definition of LO, NLO and isospin-breaking (IB) contributions are given in Ref. [214] . The figures are reproduced with the permission of Dean Lee.
Just like LQCD calculations, LEFT calculations are performed in a finite Euclidean spacetime volume. Therefore the formal challenges associated with determination of bound states, scattering cross sections and matrix elements of electroweak operators discussed in Sec. 2 are also present in LEFT calculations. In this regard, LEFT has additional advantages to circumvent these challenges, as for instance, typical LEFT calculations are performed at physical volumes in the order of 10 fm or larger. This feature controls the FV effects and has made the studies of bound states rather successful [273] , including, most recently, the determination of the ground-state energies of alpha nuclei from 4 He up to 28 Si with moderate accuracy [274] .
Determining the m π -dependence of nuclear observables is not only essential to have an accurate description of the nuclear force, but also gives further insight into questions of fine tunning in the Universe. This is a topic that has generated a great deal of interest in recent years [275, 276, 277, 278, 279, 280, 281, 67] . For instance, as mentioned already in Sec. 1, a LQCD calculation by the NPLQCD Collaboration [67] suggests that the ratio of scattering length to effective range, a/r, for the deuteron remains unnaturally large (>1) for unphysical quark masses (see Fig. 3) . A recent LEFT calculation by Epelbaum et al. [279] explored the stability of the Hoyle state as a function of the light quark mass. The Hoyle state is the name given to the spinless even-parity 12 C resonance that resides near the 8 Be-alpha thresholds and plays an essential role in the triple-alpha process that is responsible for the abundance of carbon in nature, an amount that is sufficient to support life [282] . Epelbaum et al. found that the stability of this process is most sensitive to the m π -dependence of spin singlet (a s ) and spin-triplet (a t ) scattering lengths, and in particular the derivatives with respect to m π of their respective inverses,
Their findings are best illustrated by survivability bands shown in Fig. 3 .2. Shown are the estimate of the values ofĀ s andĀ t for which the production of carbon would be sufficiently high to support life given a variation on the quark masses of 1% and 5%, which is compared with the NNLO values of these quantities. As future LQCD calculations are performed in increasingly smaller values of the light quark masses, these will allow for the overall reduction of the uncertainties of the m π -dependence of physical observables. Figure 10 . Shown are the estimate of the values ofĀs andĀt for which the production of carbon would be sufficiently high to support life given a variation on the quark masses of 1% and 5%, which is compared with the NNLO values of these quantities [279, 283] . The figure are reproduced with the permission of Dean Lee.
Recently, Rupak and Lee [262] presented a method for studying the radiative capture process p(n, γ)d, depicted in Fig. 3.2 , via LEFT. This is an important process in nuclear physics as it provides stringent bounds on the primordial deuterium abundance. The non-perturbative contribution to the reduced matrix elements of Fig. 3 .2 can be evaluated in terms of the of position space two-particle Green's function
where H s is the strong interaction Hamiltonian of the incoming spin-singlet channel and serves as an infrared regulator. Rupak and Lee evaluated this object numerically using the pionless EFT approximation at LO and recover the well-known continuum result [284, 285] in the limit that the infrared regulator is taken to zero. This is a very promising technique that may prove to be useful in future studies of more challenging matrix elements in the presence of a more realistic nuclear Hamiltonian.
+ Figure 11 . Leading order contributions to radiative capture process p(n, γ)d. Wavy line represents the photon, dashed line the deuteron, and blob the set of possible initial state interactions.
Nuclear matrix elements
Beyond the Standard Model (BSM) of particle physics are reactions that potentially occur between ordinary matter (as given by the Standard Model) and exotic matter. For example, a dark matter Weakly Interacting Massive Particle (WIMP), because of its large mass, could produce a Higgs boson that subsequently couples to the quarks within a nucleon, as depicted in the left panel of Fig. 12 . At zero momentum transfer, the cross section for the spin independent elastic WIMP-nucleon (χN ) is
where
and the function G f depends on several parameters related to the BSM theory and the sum is over flavors f of the theory. Such a reaction is difficult to detect because it is very small and is dominated by the standard strong QCD hadronic matrix element, N |q f q f |N [286, 287] , which must be understood well for extraction of BSM parameters. The scalar strange-quark matrix element of the nucleon has received a great deal of attention from the LQCD community in recent years [288, 289, 290, 291, 292, 293, 294, 295, 296, 297, 295, 298, 299, 300, 301, 302, 303] , and a lattice average has been calculated to be ms m N N |ss|N latt. = 0.043(11) [303] . Any future precision terrestrial measurements of similar BSM observables will also N N H X X Figure 12 . The coupling of a WIMP particle, X, with a nucleon N via Higgs (H) exchange with the internal quarks of the nucleon.
require an equally precise understanding of its strong interaction QCD component. In Ref. [304] it was shown that the spin-dependent WIMP-nucleon reaction is very sensitive to nuclear structure (see also Ref. [305] for a detailed EFT study of nuclear responses relevant to the dark-matter detections). The coherent scattering of this process in many-nucleon systems is one of the main experimental methods (e.g., XENON100 experiment) for detecting dark matter candidates. Reducing the uncertainties of this process for single-nucleon systems is therefore paramount, and can be done via LQCD calculations, which would involve understanding the sea quark content of nucleons. This calculation is difficult because it involves disconnected diagrams, in addition to the usual suspects, but should be computationally manageable with next generation high-performance computing resources. A preliminary study by Beane, et al. [306] uses the few available LQCD data for the binding energy of the light-nuclei at unphysical quark masses, and in combination with the physical values, gives an estimate of the significance of two-body currents in the calculations of the leading scalar-isoscalar WIMP-nucleus interactions beyond the impulse (singlenucleon) approximation, conjecturing them to be small. This result can be readily refined once further calculations at more unphysical pion masses are performed, and already demonstrates the role of LQCD in constraining the the important nuclear matrix elements relevant to this program. An explanation of the current matter/anti-matter asymmetry also requires physics that is BSM. In addition to lepton-number violating interactions, it is conceivable for baryon-number violating interactions to also exist. For example, Grand Unified Theories (GUTs) commonly have a ∆B = 1 violating interaction that enables, for example, proton decay. Also easily included in GUTs are ∆B = 2 violating interactions. Such interactions would be responsible for N -N oscillations. From an EFT point of view, there are 24 general ∆B = 2 violating operators that can be written down [307] , however, this number can be further reduced to 6 linearly independent operators by application of symmetries [308] . These operators can be incorporated in a LQCD study to determine the hadronic component of these ∆B = 2 matrix elements and this is the subject on an ongoing program [308] .
Future Outlook
The workshop in "nuclear reactions from lattice QCD" presented a great opportunity for an effective communication among participants with expertise in quantum manybody calculations, EFT and LEFT, and LQCD for nuclear and particle physics. As a result of talks and discussions, the goals were set for the future of the field with well-defined plans. It is clear that although there has been a great deal of progress in the development of formalism pertinent for LQCD, there is still a need for much more progress in this area. In order to reliably perform LQCD studies of nuclear few-body systems, there are arguably four major formal topics of research that must be addressed.
1. The signal/noise problem: The poor signal/noise problem that is inherent in performing LQCD calculation with finite baryon density and/or chemical potential continues to pose a challenge, despite many efforts to elucidate this problem [309, 310, 311, 312, 313, 314, 315] . In particular, this has been the main reason why the binding energy of light nuclei have only been calculated via LQCD for pion masses as heavy as ∼ 500 MeV [12, 27] . As an example. in the most recent work by Yamazaki et al. [316] , the authors reported that with approximately 200,000 measurements they have not been able to reliably determine the light nuclei spectrum and more statistics were needed. Furthermore, excited states essentially have poorer signal, but determining these with high precision is crucial to be able to determine scattering parameters directly from LQCD.
2. Multi-particle operators: As discussed in Sec. 1, there has been much progress in the development of lattice operators for multi-particle systems [13, 14, 15, 16, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 29, 30, 31, 32, 33, 34, 33] . Yet, to this date, there has been no investigation of the construction of multi-particle operators for systems involving half-integer spin particles that do not reside in a trivial irrep of the corresponding little group. This is essential in order to properly interpret the FV spectrum, since different irreps encode different information regarding the infinitevolume scattering parameters, as simply illustrated by Fig. 4 . Furthermore, as one approaches the physical quark masses, larger volumes will be needed in order for m π L
1. This will lead to energy levels that are increasingly denser and therefore are much more challenging to numerically resolve. In order to disentangle the spectra for nuclear systems in such conditions, one will have to generate a wide bases of operators from which one can properly obtain the optimal basis as was done for the I=0 ππ system by Dudek et al. [35] .
3. Finite-volume spectrum for multi-particle systems: As discussed in Sec. 2, it is fair to claim that the implication of the one-and two-body spectrum determined via LQCD is formally understood, as manifested by the compact quantization condition of the two-body spectrum, Eq. (1). There are several sectors of the formalism pertinent for few-body physics that have not reached this level of maturity. The first necessary step in being able to properly understand few-body systems requires constructing a non-perturbative, model-independent, relativistic framework for the three-body sector. Although there is already an existing formalism for studying perturbatively weak Nparticles in a finite volume [317] , having a non-perturbative result is essential, because, as illustrated by Fig. 4 , FV artifacts may upgrade small infinite-volume effects to be of significant size. This will be of great relevance when generalizing the formalism discussed in Sec. 1 for three-nucleon systems, since the nuclear sector exhibits both non-perturbative and seemingly finely tuned interactions. Furthermore, it will be necessary for the FV formalism to accommodate the fact that the number of particles is in general not conserved in inelastic processes.
4. Matrix elements involving few-body systems: The determination of electroweak matrix elements involving two or more particles in either the initial and/or final state is both technically and formally challenging. Despite progress in studies of 1 → 2 processes via a FV formalism [147, 170, 172] , to this day, for processes of the form 2 → 2 where the external current has both a one-body and two-body contribution, no universal expression has been reached [42, 154, 57] . For these processes, what have been obtained are expressions that in general depend on the form of the one and two-body currents written in the low-energy Lagrangian that appropriately describe the low-energy degrees of freedom of the system of interest. To extend the range of validity of such formalisms to beyond EFTs, obtaining a universal relation between the transition amplitudes and the FV matrix elements is essential.
In summary, it is reasonable to expect that in the next two years, LQCD calculations of multi-nucleon systems with A = 2 − 4 be performed at lighter pion masses, although such calculations at the physical pion mass might only become viable in five years or more. To include electromagnetism as well as isospin-breaking effects in these calculations is also within reach in the next 10 years. The study of multi-neutron systems was also planned for the next few years. Three-body and four-body forces are estimated to be extracted in the next 5 years, and as a result the systematic matching between LQCD and quantum many-body calculations will become a possibility in foreseeable future. This program is rapidly moving towards the ultimate goal of founding the field of nuclear physics upon the standard model of particles and interactions which directly impacts the precision calculations in nuclear reaction and fusion research, nuclear astrophysics and physics beyond the Standard Model.
